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We present an experimental investigation of collective oscillations in harmonically trapped Fermi
gases through the crossover from two to three dimensions. Specifically, we measure the frequency
of the radial monopole or breathing mode as a function of dimensionality in Fermi gases with
tunable interactions. The frequency of this mode is set by the adiabatic compressibility and probes
the thermodynamic equation of state. In 2D, a dynamical scaling symmetry for atoms interacting
via a δ-potential predicts the breathing mode to occur at exactly twice the harmonic confinement
frequency. However, a renormalized quantum treatment introduces a new length scale which breaks
this classical scale invariance resulting in a so-called quantum anomaly. Our measurements deep in
the 2D regime lie above the scale-invariant prediction for a range of interaction strengths indicating
the breakdown of a δ-potential model for atomic interactions. As the dimensionality is tuned from
2D to 3D we see the breathing oscillation frequency evolve smoothly towards the 3D limit.
PACS numbers: 03.75.Ss, 03.75.Hh, 05.30.Fk, 67.85.Lm
Two-dimensional (2D) materials exhibit many novel
physical properties [1–4], but strong correlations and im-
perfections mean these are often difficult to understand
theoretically. Quantum gases of neutral atoms may help
address such fundamental challenges [5, 6], as well as new
phenomena, not readily accessible in other systems. One
scenario, generally encountered in quantum field theo-
ries, is anomalous symmetry breaking. Specifically, a
quantum anomaly occurs when a symmetry, present in
a classical theory, is broken in the corresponding (renor-
malized) quantum theory. A paradigmatic example rel-
evant to atomic collisions in ultracold alkali gases is the
2D δ-potential [7, 8], where an additional length scale
associated with the interactions is required to remove di-
vergences in the elementary theory.
Anomalous symmetry breaking has been considered
in the context of 2D harmonically confined Bose [9]
and Fermi gases [10–12] where interactions can be en-
hanced near a Feshbach resonance. In both cases, the
anomaly leads to an increase in the frequency of the radial
monopole mode, or breathing oscillation, above the value
set by the scaling symmetry of the classical theory [13].
Previous experiments have studied the radial breathing
mode in 2D Bose [14, 15] and Fermi gases [16], although
the anomalous upshift has not yet been observed. More
broadly, the breathing mode is a sensitive probe of the
adiabatic compressibility and hence the thermodynamic
equation of state [17, 18] of the gas being studied.
In this Letter, we present measurements of the radial
breathing mode frequency ωB for highly oblate Fermi
gases as a function of the interaction strength and dimen-
sionality. The dimensionality of a harmonically trapped
gas can be tuned by varying the chemical potential µ rel-
ative to the confinement energies ~ωi, (i = x, y, z) in each
dimension. When ~ωz  µ, kBT  ~ωx,y, where kB is
Boltzmann’s constant and T is the temperature, motion
in the transverse (z) dimension can be frozen out and
the gas becomes kinematically 2D. Pauli exclusion sets
an upper limit on the total number of atoms N < N (Id.)2D
for an ideal (two-component) Fermi gas to remain 2D,
where N (Id.)2D ≈ (ωz/ωr)2 and ωr =
√
ωxωy [19]. Our
measurements of ωB in the deep 2D limit lie above the
scale invariant prediction of ωB = 2ωr [13] across a range
of interaction strengths for T . 0.2TF , where TF is the
Fermi temperature. As N is increased, µ increases mono-
tonically, reaching the 3D regime when µ  ~ωx,y,z.
The breathing mode frequency is seen to evolve smoothly
through this crossover, from the 2D to the 3D limits.
First, we consider gases prepared in the 2D limit. In
ultracold collisions the range of the interatomic poten-
tial, r0, is typically much smaller than the de Broglie
wavelength, λdB . As such, s-wave collisions dominate
and the detailed shape of the short-range potential has
little impact on the (dilute) many-body system. One
can then employ a simpler effective potential, typically
a δ-potential, that produces the correct scattering phase
shift for r  r0. Consider a 2D gas described by the
hamiltonian,
H(r) = − ~
2
2m
∇2 − g
∑
j<l
δ(2)(rj − rl), (1)
where m is the atomic mass, g is a coupling constant
and ri is the position of the i-th atom. Crucially, this
hamiltonian is scale invariant: this can be seen formally
by replacing r → λr, which yields H(λr) → H(r)/λ2.
Adding a harmonic potential, V (r) = 12mω
2r2, to (1)
trivially breaks this scale invariance; however, it is re-
placed by a dynamical SO(2,1) scaling symmetry, as
shown by Pitaevskii and Rosch [13], leading to a series of
undamped excitations, with frequencies of precisely 2jωr,
where j = 1, 2..., independent of g.
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2Quantum scattering in the 2D δ-potential, however, is
known to lead to divergences [7, 8]. Real atomic poten-
tials support finite energy bound states and to correctly
include this in a δ-potential model one must renormalize
the interaction thereby introducing a dimensionful pa-
rameter, a2D, the (2D) s-wave scattering length. This in-
teraction length scale explicitly breaks the classical scale
invariance and the Pitaevskii-Rosch scaling symmetry,
leading to an upshift in the breathing mode frequency
[9–12]. In real experiments, the transverse confinement
length, `z =
√
~/(mωz), introduces an additional length
scale that must also be taken into account [6, 14, 20].
When the 3D scattering length a3D is much smaller in
magnitude than `z, the 2D coupling constant becomes
independent of momentum g →
√
8pi~2
m
a3D
`z
[21] and scale
invariant behavior is recovered [22–24]. Using a Feshbach
resonance to tune a3D, one can produce strongly inter-
acting gases where the departure from scale invariance
will be more apparent.
Scale invariant systems bear the property that the
pressure, P , is proportional to the energy density E . It
is already evident, however, from the 2D Tan relation,
P = E + ~
2
4pim
C, (2)
where C = ~22pim ∂E∂ln (a2D) is the contact density, that strict
scale invariance should only exist when C vanishes (the
noninteracting limit) [10, 25–27]. Nonetheless, Taylor
and Randeria showed that the anomalous frequency shift
is smaller than might be anticipated from Eq. (2) [11].
The energy of long wavelength modes (such as the breath-
ing oscillation) is far too low to couple to pair-breaking
excitations. As a result, the contribution to the contact
related to the molecular bound state (which is always
present for attractive interactions in 2D) does not affect
the collective oscillation. Only the density dependent
contribution to the contact affects to the compressibil-
ity, set by the derivative of (2) with respect to density
n
(
∂P
∂n
)
s
, at constant entropy density s. The largest de-
viation of ωB from the scale invariant result is expected
near the pole of the Feshbach resonance, where anoma-
lous frequency shifts of up 10% have been predicted at
T → 0 [10, 12]. Early investigations, however, were un-
able to resolve a shift at T = 0.4TF [16] .
To produce single 2D 6Li Fermi gases, we load atoms
into a hybrid optical and magnetic trap [28, 29] in a
balanced mixture of the |F = 1/2,mF = 1/2〉 and
|F = 3/2,mF = −3/2〉 hyperfine states. A blue-detuned
TEM01 mode laser beam provides strong confinement
along z [30] with ωz/(2pi) = 5.50 ± 0.05 kHz. Radial
confinement arises from the residual curvature in the
magnetic field produced by the Feshbach coils, leading
to a highly harmonic potential with ωr/(2pi) ≈ 22Hz.
The resultant aspect ratio, ωz/ωr = 250, gives N
(Id.)
2D ≈
6× 104. A broad Feshbach resonance at 690G is used to
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Figure 1. (Color online) (a) The radial breathing mode is
excited in the x-y plane by applying a 5 cycle modulation
with a triangular envelope to the magnetic field that provides
the radial confinement. The modulation amplitude is chosen
such that the cloud radius changes by a few percent after the
driving. An in situ absorption image of the cloud is taken
after a variable hold time of up to 250ms. Inset: schematic
of the breathing mode. (b) Representative data set showing
n0/σ
2 as a function of the hold time for ln(kHOF a2D) = 3.3
with N/N (Id.)2D = 0.3, as described in the text. This data
yields ωB/(2pi) = 46.03± 0.35 Hz.
tune a3D [31]. In harmonically trapped 2D Fermi gases
we parameterize the interactions by ln (kHOF a2D), where
kHOF = (4N)
1/4/`r is the trap-averaged Fermi wavevec-
tor, `r =
√
~/(mωr) is the radial confinement length
scale and a2D is defined as in [20, 32, 33].
In a first set of experiments we study the breathing
mode in 2D Fermi gases as a function of the interaction
strength. Breathing oscillations are excited by modulat-
ing the magnetic field that provides the radial confine-
ment for five cycles using a triangular envelope with a
peak amplitude of ∼ 1% of the total field, Fig. 1(a). The
modulation frequency is chosen to be close to the ex-
pected breathing frequency (although the measured ωB
is insensitive to ±1Hz changes in the driving frequency).
After the modulation, the cloud is held in the trap for a
variable time, thold, before an absorption image is taken
yielding the 2D density, n(x, y). Due to the highly sym-
metric radial potential, an estimate of the cloud width
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Figure 2. (Color online) Relative shift of the breathing mode
frequency δωB/ωr ≡ (ωB − 2ωr)/ωr from the scale invariant
prediction of 2ωr (black dashed line) as a function of the inter-
action strength ln(kHOF a2D). The temperatures of all clouds
used for the above data lie in the range of T/TF = 0.14−0.22.
and peak density can be found by fitting a Gaussian to
the azimuthal average of n(x, y). To optimize signal to
noise, we plot the ratio of the peak density, n0, to the
square of the cloud radius, σ2 (which to first order is
insensitive to atom number fluctuations), as a function
of thold. The maximum change in peak density δn0/n0
is typically ∼ 6% and in cloud width δσ/σ ∼ 3%. We
obtain three to five sets of n0/σ2 vs. thold data, ensur-
ing the atom number varies by less than 10% across all
measurements. We then fit a damped sinusoidal function
to the average of these to determine ωB . Between each
n0/σ
2 vs. thold data set, we also measure the in-plane
trapping frequencies, ωx and ωy, parallel and perpendic-
ular to the propagation axis of the TEM01 mode laser,
by exciting center of mass oscillations. This allows for
accurate determination of ωr which is necessary for sub-
sequent analysis [34]. A representative collective oscilla-
tion measurement and fit for ln(kHOF a2D) = 3.3 is shown
in Fig. 1(b). Error bars indicate the standard deviation
of n0/σ2 at each thold.
In Fig. 2 we plot the relative deviation of the breath-
ing mode frequency, δωB/ωr = ωB/ωr − 2, for N ≈
16 × 103 (≤ 0.3N (Id.)2D ) as a function of ln (kHOF a2D). In
the BCS limit, when ln(kHOF a2D) is large and positive, the
breathing mode frequency is consistent with the scale in-
variant prediction 2ωr. In the weakly interacting regime,
ln (kHOF a2D) & 5, the contact is small and the anomalous
shift should be less than 1% [10, 12]. Closer to the Fes-
hbach resonance, for ln (kHOF a2D) . 3, we observe ωB to
increase, reaching approximately 2.05ωr in the strongly
interacting regime, | ln (kHOF a2D)| . 1. This represents a
clear signature of the anomalous upshift.
Cloud temperatures for the data in Fig. 2 were in the
range 0.14 ≤ T/TF ≤ 0.22, where kBTF = EF = ~2pim n0
is the Fermi energy at the trap center. Our thermome-
try is based on fitting n(x, y) to the equation of state,
n(r)λ2dB = fn[βµ(r), βEb], where λdB =
√
2pi~2β/m,
β = 1/(kBT ), µ(r) = µ(0) − V (r), is the chemical po-
tential in the local density approximation (LDA), Eb =
~2/(ma22D) is the molecular binding energy and fn is
a universal function given by the virial expansion for
βµ ≤ −3.5 [35] and a self-consistent (GG) t-matrix cal-
culation for −3.5 < βµ < 0.5 [36, 37]. As temperature
enters fn[βµ(r), βEb] via both the scaled interaction en-
ergy and chemical potential, we use an iterative fitting
routine based on a bisection algorithm, that fits µ(0) and
T for different βEb, until βEb converges with the fitted T .
While the GG calculation is not exact, comparison with
experiments [29, 37] indicate that the size of any system-
atics should be small compared to the ∼ 15% uncertainty
in the fitted temperatures.
Having identified the anomalous shift in the 2D limit,
we now consider the evolution of the breathing mode fre-
quency through the 2D-3D crossover as the atom number
is increased. Again, ωB/ωr serves as a sensitive in situ
probe of the relationship between pressure and density.
Consider gases described a polytropic equation of state,
P (s) = nqp(s), (3)
where q is the polytropic coefficient (which can depend on
the dimensionality, interactions, temperature and quan-
tum statistics), and p(s) is a (T -dependent) function of
the entropy. Equations of state of this form permit sim-
ple solutions to the hydrodynamic equations, valid for
both superfluids and normal phase gases in the colli-
sional regime. For the 2D breathing mode one obtains
ωB =
√
2q ωr [38, 39]. Of relevance here are the strict
2D limit, where ~ωz  µ and q → 2 (ignoring the
small anomalous upshift), and the oblate 3D limit, where
µ  ~ωz  ~ωB . The latter case refers to gases that
are thermodynamically 3D, where the wavelength of the
collective oscillation (on the order of the radial cloud
size, `2rkHOF ) is much larger than the transverse cloud
size (`2zkHOF ), such that the breathing excitation is dy-
namically two-dimensional. In this limit, one can use the
LDA, µ(x, y, z) = µ(x, y, 0) − V (z), to integrate over z
and recover an effective 2D equation of state for the col-
lective oscillation. For a Fermi gas in the unitarity limit
(a3D →∞) one obtains q = 3/2 and ωB =
√
3ωr [39, 41].
Thus, the crossover from a thermodynamically 2D to 3D
Fermi gas with resonant interactions should be marked
by a change in ωB/ωr from ∼ 2 to
√
3 [40].
To investigate this, we study the breathing oscillation
as a function of N for various interaction strengths, us-
ing the procedure described above (Fig. 1). Figure 3
displays ωB/ωr for four different values of `z/a3D, as
a function of N/N (Id.)2D . The three strongly interact-
ing clouds (|`z/a3D| < 1) all show similar behavior.
Deep in the 2D regime, ωB lies above 2ωr consistent
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Figure 3. (Color online) Frequency of the breathing mode
through the 2D to 3D crossover for, `z/a3D = 0.53 (red cir-
cles), 0 (blue diamonds), −0.48 (purple squares) and −2.12
(grey stars). The black dashed line indicates the scale invari-
ant 2D breathing mode frequency 2ωr, red solid line indicates
the theoretical breathing mode frequency
√
3ωr for a unitary
Fermi gas in the 3D thermodynamic limit and the blue dot-
dashed line
√
10/3ωr shows the limit for a weakly interacting
(thermodynamically 3D) Bose gas.
with the anomalous upshift, however, as N increases,
ωB/ωr steadily shifts below 2, reaching the 3D limit at
N/N
(Id.)
2D ≈ 3. In contrast, for the cloud with weaker
interactions, `z/a3D = −2.12, ωB/ωr remains close to 2
for all N/N (Id.)2D . 1, and only decreases significantly at
the highest atom number. All of the large N clouds have
high peak densities and thus approach the strongly in-
teracting regime in the 3D limit where behavior similar
to a unitary gas can be expected. The largest cloud for
`z/a3D ≈ +0.5 shows a possible deviation towards the
bosonic molecule result ωB/ωr =
√
10/3 [39].
An interesting feature evident in Fig. 3 is that ωB be-
gins falling immediately with increasingN in the strongly
interacting clouds. This suggests these clouds may not
strictly satisfy the 2D limit, even though N < N (Id.)2D . As
seen in previous studies, finite transverse confinement can
influence the dynamics of quasi-2D gases while µ < ~ωz
[14, 28]. Many-body effects may enhance pairing in the
normal phase [42] meaning the condition Eb  ~ωz is
less easily satisfied. On the other hand, 2D models sug-
gest that finite temperatures can also drive the breathing
mode frequency below 2 close to a Feshbach resonance
[43], even for T ≈ 0.2TF [44]. Both nonzero tempera-
tures and finite transverse confinement may be limiting
the observed increase above 2ωr in the strongly interact-
ing clouds.
In summary, we have studied the monopole breathing
mode frequencies of an interacting 2D Fermi gas through-
out the BEC-BCS crossover. In the deep 2D regime we
observe a departure above the scale invariant providing
evidence of the quantum anomaly. This measurement
indicates a breakdown of δ-potential models in alkali
atomic gases. We observe a shift in ωB of ∼ 2.5% above
the scale-invariant value for the strongest interactions.
We have also measured the breathing mode frequency
through the 2D to 3D crossover at various interaction
strengths and seen how the gas evolves from a 2D to
3D thermodynamic equation of state. Understanding the
role of finite temperatures and the transverse dimension
in strongly interacting gases represents a future challenge
in these systems [45].
We note that results similar to those presented here
have recently been reported [46].
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